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Locality Adaptive Discriminant Analysis for
Spectral–Spatial Classification of
Hyperspectral Images
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Abstract— Linear discriminant analysis (LDA) is a popular
technique for supervised dimensionality reduction, but with
less concern about a local data structure. This makes LDA
inapplicable to many real-world situations, such as hyperspectral
image (HSI) classification. In this letter, we propose a novel
dimensionality reduction algorithm, locality adaptive discriminant
analysis (LADA) for HSI classification. The proposed algorithm
aims to learn a representative subspace of data, and focuses on
the data points with close relationship in spectral and spatial
domains. An intuitive motivation is that data points of the
same class have similar spectral feature and the data points
among spatial neighborhood are usually associated with the same
class. Compared with traditional LDA and its variants, LADA
is able to adaptively exploit the local manifold structure of data.
Experiments carried out on several real hyperspectral data sets
demonstrate the effectiveness of the proposed method.
Index Terms— Classification, hyperspectral images (HSIs),
locality adaptive discriminant analysis (LADA), spectral–spatial.

I. I NTRODUCTION
HYPERSPECTRAL image (HSI) records reflected radiation over a series of spectral bands for each pixel in
the image. Hundreds of spectral channels provide much more
information than the RGB image [1]. Classification of HSIs is
important but challenging due to the high-dimensional feature
space and limited training samples. To address this problem,
many different techniques have been proposed. Kernel-based
methods, such as a support vector machine (SVM), are generally adopted and achieve the state-of-the-art classification
performance [2], [3]. The support tensor machine in [4] is an
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extension to SVM. The effectiveness of these methods comes
from learning a higher dimensional feature space, in which
features of different classes are linearly separable. Subspacebased methods are another class of algorithms, which project
the high-dimensional feature into a lower dimensional subspace while preserving the desired discriminative information.
Numerous dimensionality reduction algorithms are applied
to learn a low-dimensional subspace. Principal component
analysis [5] and linear discriminant analysis (LDA) [6] are
practically and widely used methods because of its good
performance in many real-world applications. In [7], hyperspectral data of different rainforest trees were classified via
classical LDA. In [8], orthogonal LDA was exploited to extract
spectral–spatial feature for HSI classification. Despite its good
performance, there are still three drawbacks. First, standard
LDA-based methods cannot solve the ill-posed problem. When
the number of training samples is less than the dimension of
the sample, the within-class scatter matrix Sw is irreversible,
which results in LDA unsolvable. Second, an intrinsic problem
in LDA is overreducing [9]. Suppose that the class number of
training samples is C. LDA can reduce the dimension to C −1
at most, which restricts its capability when dealing with high
dimensional data but with less class number. Third, LDA can
get optimal solution when data obey Gaussian distribution, but
fails in data with more complicated distribution. The reason is
that LDA cannot make full use of the intrinsic data structure
in the local area.
To tackle the above-mentioned problems, many techniques
have been proposed for HSI classification. Bandos et al. [10]
apply regularized LDA to mitigate the effects of the ill-posed
problem. In [11], semisupervised discriminant analysis uses
labeled and unlabeled data, in order to get enough training
samples. Wan et al. [9] concentrate on individual data instead
of summary data alone in learning the transformation matrix,
so that its dimension reduction is independent of the class
number. These methods alleviate overreducing and ill-posed
problem with satisfying performance. Based on the intuitive
prior of HSIs [12], data points between a small spatial neighborhood usually belong to the same class. In [13], spectral–
spatial LDA incorporates the neighborhood scatter matrix as a
regularizer to preserve the local structure. Although plenty of
methods [14]–[17] have been developed, it is still difficult to
obtain a representative subspace by adaptively exploiting the
local manifold structure.
In this letter, a novel dimensionality reduction algorithm,
locality adaptive discriminant analysis (LADA), is proposed
to learn a representative subspace. Similar to locality-aware
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methods, LADA mainly focuses on data points with close
relationship. The major difference is that LADA exploits
the points’ relationship adaptively and adopts a local scatter
matrix yielded from a small neighborhood as a regularizer.
Furthermore, by deliberately designing the objective function,
the between-class scatter matrix is nonsingular, which eliminates the overreducing problem naturally. The contributions
of LADA are summarized as follows.
1) LADA can deal with the case where data distribution is more complex than Gaussian, and avoid the
overreducing problem.
2) LADA has the ability to adaptively capture the relationship between similar points and preserve local manifold structure of spatial neighborhood in the desired
subspace.
II. L INEAR D ISCRIMINANT A NALYSIS
Given the data matrix X = [x1, x2 , . . . , xn ], xi ∈ Rd×1 with
C classes, where each column represents a training sample
and d is the number of spectral channels. LDA aims to find
a transformation matrix G ∈ Rd×m (m  d) to convert the
d-dimensional data xi into an m-dimensional vector
(1)
yi = G T xi .
The intuitive motivation of LDA is to push the data points
of different classes far away from each other, and at the same
time to pull those within the same class as close as possible.
So the objective function of LDA can be written as
C
n i GT (μi − μ)22
(2)
max C i=1


n i
T i
i 2
G
i=1
j =1 G x j − μ 2
where n i is the number of training samples in class i , μi is
the mean of samples in class i , μ is the mean of all samples,
and xij is the j th sample in class i . Denote the between-class
scatter matrix Sb and the within-class scatter matrix Sw as
Sb =
Sw =

C


n i (μi − μ)(μi − μ)T

i=1
ni
C 




T
n i xij − μi xij − μi .

(3)

(4)

A. Problem Formulation
In real-world applications, such as HSI classification,
the data distribution may not be Gaussian. Therefore, it is
crucial to capture the local structure of data manifold. Our
goal is to learn an optimal transformation matrix G to pull the
similar points together while pushing the dissimilar ones far
away from each other.
Given the data points X = [x1 , x2 , . . . , xn ], xi ∈ Rd×1 ,
the objective function is designed as
C
min
G,s

s.t.

ni


tr(GT Sb G)
(5)
G tr(G T Sw G)
where tr() denotes the trace operator.
From the objective function, it could be clearly seen that
LDA mainly emphasizes the global relationship of data,
which makes it less sensitive to the local structure. Therefore,
locality-aware variants are developed to address this drawback.
max

III. L OCALITY A DAPTIVE D ISCRIMINANT A NALYSIS
In this section, the LADA is presented for dimensionality
reduction. First, the objective function of LADA is described
and analyzed qualitatively. Then, an iterative learning strategy
is designed to obtain the optimal solution.

ni

n i

s ij k = 1, s ij k ≥ 0

(6)
(7)

k=1

where n is the number of samples, s is a weighted matrix, s ij k
denotes the weight between the j th and kth samples in class
i , and the remaining definitions are the same as those in LDA.
Note that x j is the j th sample in the whole data set, and it is
different from xij .
In formula (7), the weight matrix s is introduced to capture
the local relationship between data points. The constraints
on s avoid the case that some rows of s are all zeros.
Supposing that the transformation matrix G is obtained, s ij k
will be large if the transformed distance GT (xij − xki )22
is small, which means xij and xki are similar in the learned
subspace. If we fix s, which means that the similarity of
data points is obtained, and optimize G, then the objective
function will consider more similar points in the previously
learned subspace. Therefore, the relationship of data points
can be acquired in the desired subspace by optimizing s and
G iteratively.
Similar to basic LDA, we denote the between-class scatter
Sw as
matrix 
Sb and the within-class scatter matrix 
n
n
1 

Sb =
(x j − xk )(x j − xk )T
n

(8)

j =1 k=1

i=1 j =1

Then, the formula (2) can be rewritten into a concise form,
which is the Rayleigh coefficient

 2
n i i 2 T  i
i
j =1
k=1 s j k G x j − xk 2




n −1 nj =1 nk=1 GT x j − xk 22

i=1


Sw =

C

i=1

ni

ni
ni 



T
2
s ij k xij − xki xij − xki .

(9)

j =1 k=1

Then, formula (7) becomes
max
G

Sb G)
tr(GT 
.
T

tr(G Sw G)

(10)

In HSI classification, integrating spectral and spatial information is popular and can effectively improve classification
performance. It is intuitive that data points within a small
spatial neighborhood usually belong to the same class. Therefore, we exploit the spatial information by making full use
of neighborhood for each test sample. Given z1 ∈ Rd×1 is
a test sample, we denote the K neighbor points of z1 as
Z = [z1 , z2 , . . . , z K ]. After transformation, these points still
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Without the second constraint α ≥ 0, the Lagrangian
function of formula (19) is

keep similar in the low-dimensional space
min
G

K


GT zi − GT z22

j =1
K


=

L(α, η) = α T Vα − η(α T 1 − 1)

where η is the Lagrangian multiplier. Taking the derivative
of (20) with respect to α and setting it to zero, we get

GT (zi − z)22

j =1

= GT (Z − z1T )22
= tr(GT (Z − z1T )(Z − z1T )T G)
= tr(GT Sz G)
(11)

K
1
T
where 1 = [1, . . . , 1] K , z = K
j =1 z j and Sz = (Z − z1 )
T T
(Z−z1 ) . We add the local scatter matrix Sz to the objective
function of (10) as a regularizer with a tradeoff parameter λ.
Then, the optimization objective becomes
tr(GT (
Sw + λSz )G)
(12)
min
b G)
G,s
tr(GT S
ni

s.t.
s ij k = 1, s ij k ≥ 0.
(13)
k=1

B. Optimization Strategy
In this section, an adaptive optimization strategy is presented
to solve formula (13). First, the weight of the points in class i
is initialized as 1/n i , and the weight of points from different
classes is set to 0. Then, we optimize G and s iteratively.
When s is fixed, formula (13) can be solved via eigendecomposition. To obtain a stable solution, the matrix (
Sw +λSz )
should be nonsingular. However, when n < d, it is singular.
We address this by referring Tikhonov regularization [18], for
matrix (
Sw + λSz + γ I) is certainly nonsingular if γ > 0.
When G is fixed, the objective function (13) can be
reduced to
ni 
ni
C 

2
s ij k GT (xij − xki )22
(14)
min
s

s.t.

i=1 j =1 k=1
ni


s ij k = 1, s ij k ≥ 0

(15)

k=1

which is equivalent to the following problem:
min
sij

s.t.

ni


2

s ij k GT (xij − xki )22

k=1
ni


s ij k

=

1, s ij k

≥0

(17)

sij

is a column vector with its kth element equal
where
i
to s j k . Denoting that v k and a vector α are equal to
GT (xij − xki )22 , sij , respectively, formula (17) is simplified to
ni


α T 1=1,α≥0

αk2 v k .

(18)

k=1

Defining a diagonal matrix V with Vkk equal to v k , formula (18) becomes
ni

min
α T Vα.
(19)
α T 1=1,α≥0

k=1

2Vα − η1 = 0.

(21)

αT 1

Together with the constraint
= 1, α can be computed as
n
−1
i

1
1
αk =
×
.
(22)
vk
vt
t =1

Fortunately, the above αk satisfies the constraint α ≥ 0, so it
is also the optimal solution to formula (19). Accordingly,
the optimal solution to the formula (17) is
−1
n
i

1
1
i

 ×


s jk =
. (23)
GT xij − xki 22
GT xij − xti 22
t =1
By optimizing G and s iteratively, our method is capable of
exploiting the data points’ local relationship in the desired lowdimensional subspace. The implementation details of LADA
are shown in Algorithm 1.
Algorithm 1 LADA
Require: Data matrix X = [x1 , x2 , . . . , xn ] and Z =
[z1 , z2 , . . . , z K ], where z1 is the target test sample,
the desired dimension m, hyper-parameters λ, γ .
w , Sb , Sz .
1: Initialize weight matrix s, scatter matrix S
2: repeat
3: Compute transformation matrix G by finding the m
largest eigenvectors of matrix (
Sw + λSz + γ I)−1 Sb .
4: Update s with Eq. 23.
5: Compute current tr(G T (
Sw + λSz )G)
6: Compute the difference between current trace and last
trace.
7: until converge, which means the value in step 6 is less than
, which is set manually.
8: Y = GT X
Ensure: Y = [y1 , y2 , . . . , yn ], yi ∈ Rm×1 , G

(16)

k=1

min

(20)

IV. E XPERIMENTS
A. Data Set Description
1) Indian Pines Image [19]: This image is gathered by the
AVIRIS sensor over the Indian Pines test site in northwestern
Indiana. The original image consists of 145 × 145 pixels with
224 spectral bands. After removing the 24 bands (104–108,
150–163, and 220) affected by water absorption, the remaining
200 bands are used for classification. Each pixel has a specific
class label, and there are in total 16 classes.
2) Pavia University Image [19]: This image is gathered
by the ROSIS sensor over Pavia, northern Italy. The original
image consists of 610 × 610 pixels with 103 spectral bands.
Some pixels containing no information have to be discarded,
and the remaining 610 × 340 pixels with nine classes are used
for classification.
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TABLE I
C LASSIFICATION P ERFORMANCE OF D IFFERENT A LGORITHMS FOR THE I NDIAN P INES I MAGE (W ITH B EST F EATURE N UMBER IN B RACKETS )

B. Experimental Setup
The proposed LADA is compared with four dimensionality
reduction methods, i.e., regularized LDA (RLDA) [10], locality preserving projections (LPP) [14], SDA [11], and spectralspatial LDA (SSLDA) [13]. The 1-nearest neighbor (1NN)
is applied to classify the test samples. Each algorithm is
conducted five times, and the average result and variance are
calculated to avoid the random error. Overall accuracy (OA),
average accuracy (AA), and kappa statics (κ) are used to evaluate the classification performance. The classification maps
corresponding to each compared algorithm are displayed.
Especially, RAW is also compared with other methods. It takes
initial data as features, which are classified by the following
1NN classifier.
The data points used for training and test are randomly
sampled from each class. In our experiments, we sample 5%
points as training set, and the remaining 30% data as test
set. For SDA and LPP, additional 20% samples are applied
for training. In RLDA, the hyperparameter γ is selected in
{10−3 , . . . , 100 }. The parameter α in SDA is selected in
{0.1, 0.5, 2.5, 12.5}. The parameters λ and γ in both SSLDA
and LADA are selected in {10−3 , . . . , 103 }. All these parameters are determined by fivefold cross validation, and finally, α,
λ, and γ are 0.1, 100, and 10−3 , respectively. The neighborhood point number K is 9 in our implementation. The smallest
number of K is 9, for the 3 × 3 neighborhood is the smallest
region to keep spatial information. With increasing K , more
neighbor points will be included, and it is beneficial to data
set with large neighborhood within the same class. K should
be set corresponding to the prior of the data set.
C. Experimental Results and Analysis
We have conducted the experiment five times for Indian
Pines and Pavia University, respectively. The OAs and standard
deviations with different feature numbers in each compared
algorithm are shown in Fig. 1. RLDA, SDA, and SSLDA
are all LDA-based methods, so the maximal feature number
is C − 1, where C is the class number of training samples.
LPP is an unsupervised method, with no constraints on class
number. It is clear that in Fig. 1(a), LADA outperforms
the compared algorithms in each dimension. Compared with
SSLDA, an LDA-based method with spatial neighborhood
constraint, LADA can learn more representative subspace
by adaptively exploiting data points with a close relationship in the spectral domain. Moreover, compared with other
LDA-based methods without spatial neighborhood constraint,
LADA still has a great superiority. As shown in Fig. 1(b),
LADA performs worse with feature numbers less than 4.
However, benefiting from the formulation (8) where 
Sb is

Fig. 1. OA and standard deviation of compared algorithms with features
increasing. (a) Indian Pines image. (b) Pavia University image.

full rank, LADA can reduce the feature number within d,
where d is the dimension of sample, so it can keep more
features and avoid the problem of small feature numbers.
The classification performance of different dimensionality
reduction algorithms is shown in Tables I and II for Indian
Pines and Pavia University, respectively. OA, AA, κ, and
their standard deviations (%) are computed to evaluate each
algorithm. The optimal feature numbers obtained in Fig. 1
are written in brackets. There are 16 classes in the Indian
Pines data set, and the OA of each class is calculated.
LADA achieves the best OA (91.75%) with 24 features in all
compared methods. Among all the 16 classes, it also has the
highest accuracy of ten classes. In the Pavia University image,
LADA also achieves the best performance (89.66% OA) with
nine features. It surpasses other compared algorithms in eight
classes. The results of the Pavia data set are worse than that of
the India Pines data set. As there are many small buildings in
the University of Pavia, most homogenous regions are small
than Indian Pines. Besides, the region in Indian Pines is more
regular. The large and regular homogenous regions ensure
the better performance in the Indian Pines data set. SSLDA,
slightly worse than LADA, is the second place method. The
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TABLE II
C LASSIFICATION P ERFORMANCE OF D IFFERENT A LGORITHMS FOR THE PAVIA U NIVERSITY I MAGE (W ITH B EST F EATURE N UMBER IN B RACKETS )

Fig. 2.
Classification maps for the Indian Pines image by 1NN. (a) Ground truth. (b) LADA (OA = 0.9175). (c) LPP (OA = 0.7503).
(d) RAW (OA = 0.7262). (e) RLDA (OA = 0.6775). (f) SDA (OA = 0.7565). (g) SSLDA (OA = 0.9048).

different best feature numbers of LADA and SSLDA indicate
that without overreducing, our method can keep more useful
information. All the results manifest that our method can better
capture the local manifold structure of the original data and
project them to a representative subspace.
To further compare the results, we display the classification
maps of each method for Indian Pines in Fig. 2. The best
feature numbers are selected and the highest OA is attached in
brackets. (Considering the constraint of page numbers, we do
not show the classification maps for Pavia University.) The
best visualization effect of LADA indicates that our method
can learn a more representative subspace by simultaneously
exploiting spectral and spatial information.
Although the performance of LADA is satisfying, the computing demand is higher than other LDA-based methods.
The main reason is that the convergence of LADA is timeconsuming and the computing complexity is proportional to
the number of test samples.
V. C ONCLUSION
In this letter, we propose a novel dimensionality reduction
method LADA and apply it to HSI classification. LADA
focuses on data points with a close relationship both in spectral
and spatial domains. First, we design a locality adaptive
objective function, which aims to adaptively learn a representative subspace of high-dimensional spectral feature. Second,
we impose a local scatter matrix, generating from a small
neighborhood, as a regularizer of the above objective function,
so that the local spatial structure can be preserved after
transformation. Finally, we design an optimization strategy
to iteratively learn the transformation matrix G. Experimental
results on the real-world HSI data set demonstrate that the proposed method is applicable in data with complex distribution
than Gaussian. The best classification performance shows that
it is more powerful to the preserve local manifold structure in
the desired subspace.
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